Various frameworks of quantum gravity predict a modification in the Heisenberg uncertainty principle to a so-called generalized uncertainty principle (GUP). Introducing quantum gravity effect makes a considerable change in the density of states inside the volume of the phase space which changes the statistical and thermodynamical properties of any physical system. In this paper we investigate the modification in thermodynamic properties of ideal gases and photon gas. The partition function is calculated and using it we calculated a considerable growth in the thermodynamical functions for these considered systems. The growth may happen due to an additional repulsive force between constitutes of gases which may be due to the existence of GUP, hence predicting a considerable increase in the entropy of the system. Besides, by applying GUP on an ideal gas in a trapped potential, it is found that GUP assumes a minimum measurable value of thermal wavelength of particles which agrees with discrete nature of the space that has been derived in previous studies from the GUP.
Introduction
One of the intriguing predictions of various frameworks of quantum gravity such as string theory and black hole physics is the existence of a minimum measurable length. This has given a rise to the so-called generalized uncertainty principle (GUP) or, equivalently, modified commutation relations between position coordinates and momenta [1] [2] [3] [4] [5] [6] [7] [8] . This can be understood in the context of string theory since strings cannot interact at distances smaller than their size [9] . The GUP is represented by the following form [10] [11] [12] :
where
Planck mass, and 2 = Planck energy. Inequality (1) is equivalent to the following modified Heisenberg algebra [10] :
[ , ] = ℎ ( + 2 + 2 ) .
This form ensures, via the Jacobi identity, that [ , ] = 0 = [ , ] [11] . Recently, a new form of GUP was proposed in [13, 14] , which predicts a maximum observable momenta beside the existence of a minimal measurable length. This new form was constructed to be consistent with doubly special relativity theories (DSR) [15] , string theory, and black holes physics [1] [2] [3] [4] [5] [6] [7] . It ensures [ , ] = 0 = [ , ] , via the Jacobi identity. This new form of the GUP is given as follows:
[ , ] = ℎ [ − ( + )
where = 0 / = 0 ℓ /ℎ, = Planck mass, ℓ = Planck length, and 2 = Planck energy. The most important consequence of this model is the discreteness of space which confirms that all measurable lengths are quantized in units of a fundamental minimum measurable 2 Advances in High Energy Physics length [13, 14] . As a result, according to (3) , GUP modifies the physical momentum [13, 14, 16 ]:
Then it is natural to expect that this would result in considerable modifications in the dispersion relation to be in the form [17, 18] 
This definitely would affect a host of quantum phenomena. In a series of earlier papers, various applications of the new model of GUP were investigated on atomic physics, condensed matter physics, preheating phase of the universe, and black holes at LHC [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . Also, one of the authors investigated its effect with the Liouville theorem in statistical mechanics [25] . So according to Liouville theorem, it should be stated that the number of states inside volume of phase space does not change with time evolution in presence of the GUP. So GUP should modify the density states and this implies essential effects on the statistical and thermodynamic properties of any physical system. According to [25] , the modification in the number of quantum states per momentum space volume should be as follows:
For more details about proving the above equation, (6), we suggest consulting [25] . The upper bounds on the GUP parameter have been derived in [16] . It was suggested that these bounds can be measured using quantum optics techniques and gravitational wave techniques in [30, 31] . Recently, Bekenstein [32, 33] proposed that quantum gravitational effects could be tested experimentally; he suggests "a tabletop experiment which, given the state-of-the-art ultrahigh vacuum and cryogenic technology, could already be sensitive enough to detect Planck scale signals" [32] . This would put several quantum gravity predictions to test in the laboratory [30, 31] . Definitely, this is considered as a milestone in the road of quantum gravity phenomenology.
It appears that the total number of microstates is increased due to GUP correction. It is worth mentioning that there are other theories that predict other forms of modified dispersion relations. These models were introduced in [34] [35] [36] [37] and suggest a violation in Lorentz symmetry at some energy scale which could be quantum gravity scale. Their thermodynamical implications have been studied in [34, 35] . Besides there are other approaches that suggest the existence of an independent observer scale which could be a Planck energy scale and this has been formulated to the so-called doubly special relativity (DSR) [38] [39] [40] [41] . We can see that DSR is a generalization of special relativity. DSR transformation has several approaches; one of the important approaches is considered in [42, 43] . The interesting thing about DSR is that it does not violate Lorentz symmetry and the basic postulates of special relativity are still satisfied, but it introduces an upper limit of energy. In this approach, the dispersion relation for massless particles does not change, modifications take place only for massive particles, and according to [44, 45] there is no change in the density states. However, there remains a considerable change in the partition function due to the presence of an upper bound in energy of particles.
In this paper we continue investigating the modification of thermodynamics but this time in the presence of GUP, proposed by Ali et al. [13, 14, 16] . We consider two cases: ideal gas and photon gas. It is worth mentioning that a different version of GUP has been studied with ideal gas in [46, 47] . The derivation of the expression for partition function in the presence of GUP is the most crucial result of our paper. We calculated analytic expressions for the pressure, internal energy, entropy, and specific heat of the considered systems. We show the difference between the GUP case and standard case. Our results go back to the standard forms derived when we set = 0.
Ideal Gas
Consider noninteracting particles, obeying MaxwellBoltzmann statistics and are confined in a volume at temperature . For a canonical ensemble, the thermodynamics of this system can be derived from the total partition function [48, 49] :
We have considered classical Maxwell-Boltzmann statistics along with Gibb's factor and (1) is the single partition function given by
where = 1/ and is the total energy. The integral over the coordinate yields the volume of the gas. Equation (8) can be rewritten in the form
where and are the total relativistic energy and the rest mass of gaseous particles. To calculate the quantum gravitational effect, the GUP can be considered in the phase space analysis by two equivalent pictures: (a) considering deformed commutation relations (i.e., deformed the measure of integration) simultaneously with the nondeformed Hamiltonian function or (b) calculating canonical variables on the GUP-corrected phase space which satisfy the standard commutative algebra (i.e., nondeformed standard measure of integration), but the Hamiltonian function now gets deformed. These two pictures are related to each other by the Darboux theorem in which it is quite possible to find canonical coordinates on the symplectic manifold which satisfy standard Heisenberg algebra (we thank the referee for paying our attention for this important note). In this paper we are going to consider deformed measure of integration with nondeformed Hamiltonian function. According to (6), we find that (9) takes the form
In order to solve this integral, use the substitution
In first order approximation in , we can prove that
As one might expect, the approximation used so far, that is, 1/ > , breaks down around a maximum measurable energy (∼1/ ) and we need an exact treatment to describe the solution around this scale. Therefore, one can only trust a perturbative solution where ≪ 1 (we thank the referee for pointing out this important note). Then the expression which remains to be calculated is
This integration can be calculated to take the form
where = 2 and ( ) is the second order modified Bessel function [50] . Setting = 0 the partition function reduces to the usual case [49] . In nonrelativistic limit, → ∞, or the thermal energy of the particle is very small compared to the rest mass; we have 2 ( ) ≈ √ /(2 ) − ; thus
Analogously, for very high temperature → 0, which means ultra-relativistic particles in which the thermal energy is much greater than the rest mass. The modified Bessel function behaves like 2 ( ) ≈ 2/ 2 and (14) takes the form
It should be noted that as → 0, we get back the results of special theory of relativity thermodynamics [49] . The partition function relates the microscopic properties with the thermodynamic (macroscopic) behavior of the physical systems. Using the expression of the partition function, we will go on to study various thermodynamic quantities of ideal gases with GUP effects. The free energy of the system is defined as
Using Stirling's formula ln ! ≈ ln − , the free energy for the ideal gas is given by
Using the expression of the free energy (18), the pressure can be obtained by the relation
We have the same result as in the relativistic case which means that the pressure does not change with considering the GUP. The chemical potential is given by the relation
We can evaluate the entropy using free energy by the relation
By setting = 0, we get back the usual results. We see that the new terms, due to quantum gravity, carry a positive sign. This indicates that the modified entropy grows faster than standard case by increasing temperature. The elevation in the number of accessible microstates in high momentum regime, or in Planck scale, leads to increase in corresponding microcanonical entropy of the system. This may be interpreted that the existence of the GUP implied an additional repulsive force between the constitutes of the gas which leads to an increase in the entropy of the system. Modification in the expression of internal energy is expected due to change in the free energy. It can be evaluated from the following relation: If we put = 0, we obtain the standard special relativity internal energy expression. Without quantum gravity effect, ≪ 1 yields ultrarelativistic limit = 3 and → ∞ yields = (3/2) . Figure 1 shows relativistic internal energy compared with a modified one (solid curve). It is observable from this figure that the GUP-modified internal energy grows faster than the relativistic case. At high temperature, or in ultrarelativistic regime, the modified internal energy becomes greater than the asymptotic value. The increase in entropy, due to quantum gravity, leads to an increase in the internal energy as it would be expected. Each of the entropy and the internal energy are not measurable quantities directly. We can detect the effect of GUP through other thermodynamic quantities. The specific Heat can be detected experimentally. It is defined by
It is straightforward to see from (25) that we get back the usual specific heat for = 0. In Figure 2 the dashed curves represent the usual relativistic specific heat; it grows from the nonrelativistic limit value = (3/2) up to an ultrarelativistic limit value = 3 . The solid curve represents the modified specific heat. It is clear that the new specific heat grows faster than the relativistic one with increasing temperature. We can see from Figure 2 that in ultrarelativistic range the modified specific heat is greater than the corresponding relativistic one and it approaches a constant value. This approach is specified for ideal gas particles that move in free regime in a relativity small pressure. But if the gas particle motion is restricted in a small volume, then the particles may be considered in a potential trap. Now we will move to study the effect of quantum gravity on a ideal gas in potential trap.
An Ideal Gas in a Trap
Let us consider an ideal gas contained by some potential well acting as a trap. This can take place by wall of a container, such that the wall represents positions of a classical turning points. Also the trap can be represented by surrounding particle in a very high densities and pressure case. Quantum mechanically, the particle has a small probability to tunnel past the turning point. So the linear size of the potential trap has uncertainty Δ due to quantum fluctuations, such that it results uncertainty of order Δ = Δ . We can define the pressure of the gas by the relation
where is the gas density and is the gas particle velocity, and is the number of collisions per unit time per unit area. According to GUP effect, if we consider ⟨ ⟩ ≈ , the uncertainty in first order approximation will be
Use (27) to translate the uncertainty in pressure and length to take the form
The mean energy of the gas particle is of order ∼ , so the velocity of the particle can be given as = √ / . Equation (29) will take the form
Define the thermal wavelength of the particle as = ℎ√2 / and the uncertainty will take the form
Since the volume ∼ 3 , then
This equation represents the generalized thermodynamic uncertainty principle for an ideal gas in potential trap. It ensures that when the potential trap size is comparable with the thermal wave length, the pressure and the volume cannot be treated as commuting observable. They are playing as quantum mechanical operators acting in wave functions in quantum mechanical approach. This means that we cannot build up the equation of state by a simple relation among , , and , but we must have a wave equation consistence with the new thermodynamical GUP. Since ℎ = 0 , (32) will be satisfied at which
This inequality shows that the thermal wavelength of the particles should be greater than or equal to the minimum length. This naturally assumes a minimum measurable value of thermal wavelength of particles. This result agrees with the discrete nature of the space that has been derived based on the GUP in [13, 14] . Besides, this result motivates us to suggest that the thermal energy of the particle should not exceed a maximum energy or
Furthermore, these derived inequalities prove that the dynamics of the gas particle is not free but restricted by some conditions derived from GUP approach. The appearance of a minimal measurable length and maximum measurable momentum or energy, in (33) and (34), is expected in this quantum gravity approach as a restriction on observable measurement. Finally, (32) shows that when the trap size is much greater that the thermal wavelength, the thermodynamic uncertainty breaks down and drives us to go to the usual observables.
Gas Photon
In this section, we aim to determine the thermal properties of the radiation field in the presence of GUP. With quantum gravity effects, the photon obeys the dispersion relation:
Since photons are gauge bosons with a spin = 1 and only two possible orientations, the degeneracy factor is therefore = 2. Also the number of photons is not conserved and there is no condition on the number of photons, so the canonical partition function, according to Bose-Einstein statistics, is given by
where is the zeta function, and the free energy is
) is the Stefan-Boltzmann constant. The free energy can be rewritten in a standard form as
where the thermal dependance Stefan-Boltzmann constant is eff ( , ) = (1 + 1260
Using the partition functions, we determine all thermodynamical properties of the photon gas. Entropy and internal energy density, respectively, are as follows: 
It is clear from the above two expressions that the entropy and internal energy grows faster than the case of special relativity results with the temperature. This modification is expected where the total number of available microstates of the system is a direct measurement of entropy as well as the internal energy. The pressure of the radiation is
This is an interesting result which is not like the case of ideal gases in which the pressure does not change at the Planck scale. But introducing a new statistical distribution (Bose-Einstein statistic) leads to an appearance of quantum gravity effect as an increase in pressure. Indeed, the increase in repulsive force among the particle gas entails the increase in pressure. The specific heat is a suitable measurable quantity that can be detected experimentally. The specific heat of photon gas is
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As a consequence of an elevation in entropy and internal energy, specific heat is increased in comparison with special relativistic one. In order to obtain pressure-energy density relation divide (42) in (41); one gets
The usual relation = 3 is recovered after taking = 0. To obtain an equation of state one has to write the temperature as a power series of . Solving (41) , keeping only first order of approximation in , one gets
Substitute (45) into (44) one can obtain the first order approximation in equation of state
2
Equation (46) represents a modified equation of state due to the generalized uncertainty principle.
Conclusions
Various approaches to quantum gravity such as string theory, black hole physics, and doubly special relativity predict a considerable modification in Heisenberg uncertainty principle to be a generalized uncertainty principle. This modification leads to a change in the energy-momentum dispersion relation and in the physical phase space. These lead to a considerable enhancement in the number of accessible microscopic states of the phase space volume with GUP effects. In this paper we investigate the effect of the GUP in thermodynamic properties of ideal and photon gases. An analytical expression of the partition function for massive ideal gas and photon gas is derived. Using the modified partition function, we determined the thermodynamic functions such as free energy, entropy, pressure, internal energy, and specific heat. We found that there is a considerable increase in these quantities in comparison with the corresponding relativistic quantities. This is due to an increase in accessible microscopic states in the phase space which leads to an increase in entropy that carries a physical properties of the system. This in turn leads to an increase in thermodynamic properties of the system. The pressure of the ideal gas does not change, but the pressure of the photon gas is increased.
Another problem is considered and we study the effect of GUP in a gas contained in a potential trap. When the size of the potential trap is comparable with the thermal wavelength of the particles, the pressure and the volume cannot be treated as commuting observable. Quantum gravity puts some restrictions on the particle dynamics, where we found that the thermal wavelength of the particles should be greater than, or equal to, a minimum length and this definitely agrees with the discrete nature of the space that has been derived based on GUP in previous studies. Besides, it is found that the thermal energy of the particle of the ideal gas should not exceed a maximum energy. The results we obtained in this paper could be useful to study the effect of the GUP with astrophysical objects such as standard model of stars (photon plus nonrelativistic ideal gas) [51] , white dwarfs (degenerate electron gas) [51] , and neutron stars (Oppenheimer-Volkoff model: degenerate neutron gas) [52, 53] . We hope to report on these in the future.
